The Schrödinger equation is solved for an A-nucleon system using an expansion of the wave function in nonsymmetrized hyperspherical harmonics. Our approach is both an extension and a modification of the formalism developed by Gattobigio et al. [1, 2]. The extension consists in the inclusion of spin and isospin degrees of freedom such that a calculation with more realistic NN potential models becomes possible, whereas the modification allows a much simpler determination of the fermionic ground state. The approach is applied to four-and six-body nuclei ( 4 He, 6 Li) with various NN potential models. It is shown that the results for ground-state energy and radius agree well with those from the literature.
I. INTRODUCTION
Expansions of the wave function of an A-nucleon system on a specific basis set is a common tool in few-nucleon ab initio calculations (for an overview see Ref. [3] ). One of the challenges in such calculations is the implementation of the proper permutation symmetry, i.e. of the antisymmetry for a fermion system like the atomic nucleus. A frequently used basis are the hyperspherical harmonics (HH). For a growing particle number an effective HH symmetrization method had been developed in Ref. [4] . The method, however, requires considerable computational resources with respect to memory and cpu time. Recently a different HH approach has been proposed in order to construct wave functions with a proper permutation symmetry [1, 2] . It consists in the use of a nonsymmetrized HH (NSHH) basis thus avoiding the HH symmetrization procedure. Since the Hamiltonian commutes with the permutation operator, all non degenerate eigenstates of the Hamiltonian have a well defined permutation symmetry. The disadvantage is that additional effort has to be devoted to the determination of the respective symmetry. On the other hand, in view of an application of the HH expansion method beyond A = 4, the use of NSHH might be advantageous.
In this work we extend the NSHH to consider spin and isospin degrees of freedom, which allows us to work with modern realistic NN potentials. In addition we show how the antisymmetric ground state can be identified in a very simple and effective way. We apply our technique to calculate ground-state energies and radii of 4 He and 6 Li with various NN potential models. In case of 4 He we also use the modern realistic AV18 potential [5] .
Our paper is organized as follows. The HH basis with inclusion of spin and isospin degrees of freedom is discussed in Section II. The formalism of Ref. [1, 2] for an efficient use of a nonsymmetrized HH basis is laid out in the first part of Section III, whereas our modifications of the method are outlined in the second part of Section III. Our results for 4 He and 6 Li are discussed in Section IV, which also includes a brief summary.
II. THE HH BASIS
To describe the HH basis, we first introduce the Jacobi coordinates. Here we use them in reversed order and for particles with equal mass,
where A is the number of particles, N = A − 1, and r i is the position vector for the i-th particle. To each Jacobi vector η i an angular momentum operatorl i is associated. For the total orbital angular momentum operator up to the n-th coordinate (n = 2, . . . , N) one haŝ
withL 1 ≡l 1 . The hyperradial and the hyperangular variables ρ n and θ n are defined as
The 3N variables {η 1 , . . . , η N } are thus replaced by {ρ, Ω N }, i.e. one hyperradial coordinate ρ ≡ ρ N and 3N − 1 hyperangular coordinates Ω N = {η 1 , . . . ,η N , θ 2 , . . . , θ N }. The following relation,
shows that the hyperradius is symmetric under permutation of particles.
Using the above set of coordinates, the Laplace operator for n =1,. . . , N can be rewritten
The hyperspherical harmonic functions Y [K] (Ω N ) are the eigenfunctions of the grand angular momentum operator:
The HH can be expressed in terms of the spherical harmonics Y lm (η) and of the Jacobi polynomials P a,b µ (z):
The coefficients N j (K j ; L j K j−1 ) are normalization coefficients given by
where the numbers µ j are non-negative integers, and
The basis functions consist not only of the hyperangular part, but also of the hyperradial part and of the spin and isospin part,
, where i enumerates the basis state Φ i , and R r are the hyperradial functions numbered by the index r (we use Laguerre polynomials). The hyperspherical harmonic functions Y [K] are identified by the following set of quantum numbers
and χ
are the spin and isospin basis states, respectively, defined by the sets of quantum numbers
The spin quantum number S j is the value of the coupled spin momenta of particles 1 to j. The isospin states are characterized in a similar way with the addition of T A,z , the third component of the total isospin T A .
In order to consider potentials that depend on spin and isospin, one has to take as basis states the complete functions |Φ i , and so one has to consider the whole set of quantum 
III. EXPANSIONS WITH NONSYMMETRIZED HH FUNCTIONS
In order to describe the nonsymmetrized HH (NSHH) method introduced by Gattobigio et al.
[1, 2], we first discuss a few aspects concerning permutation symmetry. The HH functions defined above do not have well-defined permutational symmetries. A particle permutation changes the definition of the Jacobi coordinates as well as the couplings between the different angular momenta. Consequently, the effect of particle permutation on the HH functions is rather complicated, and the matrices representing the permutation operatorsP ij on the HH basis are arbitrary matrices (not diagonal or block-diagonal matrices), and have to be calculated numerically. In order to reduce the evaluation of the matrix elements of the potential acting between particles i and j into a one dimensional integral one has to use Jacobi vectors such that η A−1 = 1 2 (r i − r j ). This transformation can be realized through the permutationsP i,A−1 andP j,A acting on the HH basis states. The matrix representing the permutation operatorP ij can be written as 
where the operatorP k exchanges particles k and k + 1. This can be interpreted as follows:
each particle carries a number and occupies originally a a box with the same number. To bring particle number i in the box j and vice versa, one can act with a certain number ν ij of permutations that exchange only particles in adjacent boxes. Thanks to the properties of the HHs, the matrices
representing the operatorsP k are block diagonal and can be easily calculated. This provides an easy and fast way to calculate the product of the B matrices on state vectors.
We remark that the use of the NSHH has been developed in order to avoid the need for the symmetrization of the basis functions, which, as already pointed out in the introduction, requires non negligible computational resources. Though the number of basis functions for equal values of K max is in general considerably larger in the NSHH method than with symmetrized functions, it might be still advantageous to use nonsymmetrized functions.
In Ref.
[2] bound states have been calculated using the Volkov potential [6] , which is central and independent on spin and isospin. In this case the spatial wave function can be treated separately from the spin-isospin part. The Hamiltonian is represented on the HH and diagonalized. Then the symmetry of the eigenstates is analyzed and the spin-isospin part with the correct symmetry is multiplied in order to obtain an antisymmetric wave function.
It is clear that following this procedure the number of HH basis states, and therefore the size of the Hamiltonian matrix to be diagonalized, is relatively low. However, this procedure only applies to potentials that do not depend on spin and isospin.
In the following we describe how to modify the method outlined above in order to be able to treat also realistic potentials. In this case we need to deal with basis functions in the Jcoupling as described in Section II. This leads to an increase in the size of the Hamiltonian matrix and therefore in the number of eigenfunctions that need to be analyzed in terms of symmetry. In order to speed up the search for the antisymmetric ground state we have implemented a method based on the use of the transposition class sum operator, the Casimir operator, of the permutation group. This method is analogous to the Lawson method [7] for the removal of the spurious center of mass motion in Shell Model calculations.
The Casimir operator of the permutation groupĈ(A) = A j>i=1P ij and the Hamiltonian H commute; hence they can be diagonalized simultaneously. In general, the eigenvalues of the operatorĈ(A) are not sufficient to identify the irreducible representations of the permutation group. However, the completely symmetric and antisymmetric representations correspond to the extreme eigenvalues ofĈ(A) and are well separated from the rest of the spectrum. Antisymmetric states correspond to the lowest eigenvalue ofĈ(A), while symmetric states correspond to the highest one, in detail one haŝ
where Ψ S , Ψ M , Ψ A , correspond to symmetric, mixed-symmetry, and antisymmetric states, respectively, and λ A < λ M < λ S . We diagonalize the matrix
where γ is a real parameter. The eigenvalues of H ′ are given by
where E n,Γ (n = 0, 1, 2, . . . , N max (Γ)) are the eigenvalues of H for the symmetry Γ (Γ = S, M, A). We denote by E the lowest eigenvalue of the Hamiltonian H (E = min{E 0,S , E 0,M , E 0,A }), which can be found by performing the calculation with γ = 0.
To calculate the lowest antisymmetric eigenvalue of H, i.e. E 0,A , we choose γ > 0 large enough so that E ′ 0,A is by far the lowest eigenvalue of H ′ . Thus one imposes the relations which corresponds to
Assuming that E 0,A < 0, and using the fact that λ Γ − λ A ≥ A, the following condition is
Thus, with a proper value of γ the lowest eigenstate of the Hamiltonian matrix H ′ is the physical antisymmetric wave-function, and the correct value of the ground-state energy E 0,A is obtained by subtracting γλ A from E ′ 0,A . Of course with a proper choice of γ one can also calculate excited states. To this end, there is no need to calculate more than a few eigenstates of the Hamiltonian matrix, and one can use the Lanczos algorithm.
IV. DISCUSSION OF RESULTS
Within the present formalism we have calculated ground-state energies and radii of 4 He and 6 Li with various NN potentials using the following models: Volkov [6] (central), 4 He we have used AV4 ′ [10] (central spin-isospin dependent) and the realistic AV18 [5] . In all our calculations the Coulomb force is included and the isospin mixing is neglected. Since for Volkov, MN, and MTI/III interactions there is no unique parameter setting we define these potential models in Table I .
MTI/III [8] and Minnesota (MN) [9] (central spin-isospin dependent); in addition for
To illustrate the typical size of the HH basis, in Table II To improve the convergence we have used the EIHH (Effective Interaction Hyperspherical Harmonics) formalism [11] . To distinguish between the calculations without and with effective interaction we use the acronyms NSHH and EI-NSHH, respectively. The use of effective interaction accelerates the convergence considerably, as can be seen in Table III, where we list 4 He ground-state energies and root mean square (RMS) radii obtained with the Volkov and the MTI/III potentials. One notes that the use of an effective interaction is not very important for the Volkov potential, whereas it has a great effect in case of the MTI/III interaction. Considering for example the low value of K max = 4 one obtains already results close to the converged ones for all cases, except for the MTI/III without effective interaction. The difference is explained by the fact that the Volkov force has a very soft core, whereas the MTI/III potential has a rather strong short-range repulsion, which requires HH functions with a rather large K N . Thus, in order to accelerate the convergence, we use the EIHH method for all the results discussed further below. In the table we list in addition a selection of results from the literature (note that for the MTI/III potential parameter settings different from ours are also in use). Comparing with our NSHH results one observes a very good agreement.
In Table IV we list results for 4 He obtained with MN and AV4 ′ potentials. Also in this case we find a very good convergence and a good agreement with results from other authors.
As already shown in Table II Now we turn to the 6 Li nucleus. In Table VI we present results for central potential models only. The reason is the non-parallel character of our present code, which prevents us from using a very large basis (in future we plan to work with a parallel code which should allow to obtain converged results for A = 6-8 with more realistic nuclear force models). The of the same level of precision as those from the literature and the agreement is satisfying.
We summarize our work as follows. The Schrödinger equation is solved for an A-body nucleus using an expansion of the wave function in nonsymmetrized hyperspherical harmonics. Our approach is both an extension and a modification of the formalism developed by
Gattobigio et al. [1, 2] . The extension consists in the inclusion of spin and isospin degrees of freedom such that a calculation with more realistic NN potential models becomes possible. potential models and it has been shown that the results agree with those from the literature. 
